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they are coe ff i c ients in a characteristic polynomial matrix and its determinani is
th e cha racter istic polynomial. By this computationally simple mapping procedur i
it becomes f e asible to map not onl y a f ix ed set of eigenvalues but also reg ions
in the s or z plane, in which the eigenvalues shall be located . Thu relaxatiol
of the dynamic spec ifications permits satisfying other typical design specifica.
tions like robustness with respect to sensor and actuator failures, large para-
meter variations, finite ~63.ength implementation , and actuator constraints.
All tradeoffs between such requirements can be made in the feedback gain space.
Three examples illustrate the variety of problems which can be tackled with thi~new tool . 
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A ~IJdI~~T COhTRO L SYSTEM DES1 G~

Juorgen E. Ackerriusn
Coordinated Sciertce Liboratory

Univ ers ity of Illinois , Urbana , I l l i n o i s  61801 , USA

Abs tract

A re presenta tion of controllable l inear systems is introduced , which permits assi gning poles or charac-
tecistLc parameters to a state feedback systen by a matrix multiplication. Thi s  is used as .s link between
state space and classical parameter plane methods. The system representation maps a point in a nx p d imen-
jional parameter space Q of characteris tic parameters into the nap dimensional parameter space ~~

‘ of state
f eedback  gai ns , where p is the number of actuators. For p—I the coordinates of the ~ space are the coef-
fic ients of the closed loop characteristic polynomial , for p > 1 they are coefficients in a characteristic
polynomial matrtx and its determinant is the characteristic polynomial. By this compurationally simple
mapping procedure it becomes feasible to map not only a fixed set of eigenvalues but also regions in the s
‘c z plane , in which the eig envalues shall be 1.ocattsd. This reLaxation of the dynam ic speci f icat ions
permits Sat iSty ing other typical design specifications like robustness with respect to sensor and actuator
fail ures , Lirge parameter variations , finite wordlength implementation , and actuator constraints. AU
:radeoffs between such requirements can be made in the K space . Three examples illustrate the variety of
prob lems which can be tackled with this new tool.

~~~Q~~UCTlSll; 2. The price o f  an act uator is assu me d to increase
with

Control system specifications irs usually .‘~oc given = max !u . (t ) I and/or (2)
in terms of a quadritLc c~ st function or a set of ,

aigenval ues. These are mainly used as f re e para- U — max ! u~ ( t ) !  (3)
‘~ s t e r s  in t r iai  .sr..i e r r o r  desi gn proc edures aimed wnere th e w o r s t  .nit ial s t a t e  within given lini-
at good tradeoffs bet~..een the dyna mics o f  th e t a t ions  is considered . 

~~ 
and/or u should be

system and other design aspect s , for exa mple - kept “sryuli. ”
ac tuator limitations it ’d robustness with respect
t o s e nsor  or ac tua t o r  fa i l u res or ot her large 3. A state feedback structure
para meter variat ions. Three questions in this u • - X x  (4)
c o ntex t ~ is assumed . The d e t a i l s  arid examples are worked
I. Quadruplex techni ques ( f o r  ~~arpie ito a i r c r a f t  out for single input plants with

con tr o l  sys tem s0 are an expen sive soluti on to
the reliabi lity problem. Is ~t riot su f f i cien t  U -e ~ — — 1k

1 
K , . . . k j x .  (5)

to gu arantee m a t  ill u n s: .ob l e  and i r i s u f f i —  For m u l t i - L n p u t  t~lantc the bas ic  result  is
c i e n t lv  dam ped ~ o des rer’~~in o b s e r v a b l e  ~nd stated in the A rreod ix . The nv p Bio ’Terits of !~

‘
con t ro l lab le  under a l l  conoidered combinations are the free parameters of t r ic propos ed method .
of sensor and actuator ~~~~~~~~~~ They are coordinates of a parrrec’~r space

. ~ ii ich system coanges are ~o . j s 5 .s r. t~~aj  that  cal led “ s t a t e  f e e d b ack gain space ” or
t h ey re~ usre a.~apcatcon o~ t oe ccntro l system ~~ . It is assumed that sensor and actuator failures
by ident i f icat ion , fai ure de~ ec tj on  e~~~ . ?  occ u r ifl the fo rm that the “utrut of a f a i l e d
¶.~h ich range of such crian~ es can be covered element is not correlated r o  ts  i n o u t .  Then

sa ttsfactoril y by fixed • j j o  fe ed back or a few the output is an externa l disturb ance. Rejec-
sets of gains and a simple switching criterion. m ion of externa l  disturbances is nct consid ered

in this paper. For the closed loop system
3. Is a ‘ iver l  set ‘f “iix0d spec.ficatiort s , e . g .

on bandwidth ond .i,smptng. ictuator constraints , — ~~~~~~~~~~~~~~~ (6)

~~ i ustnesa recuireme nts , et c ., r~p.-iti b1e in ,ensor coordinatøs failure of the I t o
wi th in an ,i5surT -~d control sv . r c ’n s1r~ic :’lre , or sensor (actu.-stor) is c~ uivalent t o  a structural

o f  ~‘,,~~~: “ c  1f~ ca rions ire :onfl ict ing , c h a r g e  by wi t ic h  th~ il:t column (r’w) of ~~
‘

ow far do we nave to re j j : ~ the m? become s :ero , i.i~~u iii the c a s o  0 5 state
mis paper ~o.o s Sot 5 ive a conp~ .~tc on w.~r ~~ 

v a r iabl e not measure’!, the c o r r e  r~~nJin~
~~e~ :L uns , Io~ovcr a method is r o ro ,cd m d  s,,rno co lumn of L ’ is ocr ’ . It i s  port of the desi gn

o is  ore  prov i i . ’d t~ a t t a c k  such questian under t~ dec td~ ,’jhich state v .arLibles .rc me.ssured
the fo l lowi ng a ut 1 on ~~: 

and for which ‘f th. ’o redundancy must be pro-
vid~ d fir high v ~t , O  r.’ liabil ity . t is

I. )r,l, inear pla nts 
~oal to  iv~ id i’.si i’ i ro ,.otcctmon and mult ipi,s:sed

~~~\ B u N x l ’ . ‘ l) components i.rienev ,’r po s o i b l e .

i~ 1k~ i~~
’e S r . ’ ‘ f l~~~i ’ ’ — ’  3 .  It is asoume d thi t  1.10 nor’ iii j v i i ir’.ic h, c ,. sv so r

is ~scu’ .d ~ 
— 

q 
— —  

t r ‘o r or the r o t .  0 1 s ’ . te n sri oe s o  1 ov i

.51 .  ‘ i  . r . ’.~ .- ,ir: i c . . t r i  ‘ç i n In the ‘ . cc rov i l ue  p lane - s . ~~ . f o r a c . ’ n —
state ..tri.isii ~ x i. Le ts ’ ~ur~ 1.4 , :. ) ,  ‘S f l UO US ~ T~~’ , t . ’ Tl t O  t I I C  I p .Iro .s : i I .~ region

I I —
~~~ “e 5 5 / e n  r i r ot  to  t te  Ic o f  the bouridar “si r ,, ~ 1 — ii

oc’e.r.s ’
~ ing r o m n c ;  of in - r~~y L n c  ro. r , i c se. i r  F li. 1 - whera ill ei~~on..s lue~ must o.o l oc a t ed

is .ss ,ure’o that ill ‘ s i r s  -\ , ,3 ) f o r  t l e  nomina l st ruc t ure  iri .‘or.i o t .’r values.
S ro i t  ro 1 Ia Ii and n a . o  t o o  ,.tr~e cont r ;l 

FT r Iii lure s itua t i .‘ ns a re 1 s r  .d ’
~ re

I .ssil . :y  1OdL . T 5 .  s p e c i f i c a t i o n , ” e . g .  the boundary ~~Q.5 or the

* Th is rose .s i ch  ~j  , ~~~~ orto d ‘r .  ~i - ’  ‘~~~~ ;: ti Forsctiun;s-und V e t s u c I i s . i i s t a l m  fa r  Lut t und ~aunttahrt arid by
the L . S. Air Force under .~r aro t AI~~~R 78-3633 .

oubrr i t t~ d thr,’ugh IfEE for thti ~ ‘ 7 ~ JAC’ 
~~~~~~~
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terms of and s by
0

\ 2(s ) (s—•7 + j w )  (~ 
. ‘ j ~

,’) —

p~~O v ( 7 , i) + p 1(~t)s+s 2 0. (9)

p:O.5\ Then b y pole p lacement

-

k
2 

— 3(p ,p 1
) 3(m ,a).  (10)

Thus the mapping equation (8) is obtained in a
d ifferent way. ilore generally for an cith order

\‘. \ single input system in both approaches an ci dimen-
\~~ .. \, 2j siona l parameter SP,ace Q w ith coordinates Pj is
\. \~ 

introd uced as an intermediate step between the set
\‘\ \\ o f eigcnvalucs i. tX 1 .. .  \~ ) and the V-space.  The
\ .~ I relat ion between A and K can be expressed in both
\ \

\
‘%~\ directions :

-2 \ ‘\‘
~ a ) From ‘K to ~ by the charac teristic equation

~~l Q_.__ .. ... PQi )det~ oI-A+bk
’). fr om~~ to 1 by numerical

/ 1” 
°‘ 

factori:ation of F(’) .
I b) From A to ~ by multi plication of elementary

/  0 // factors Pe.) (~~~~~)(\ -k , ) . . . C ~-\~~) ,  from Q to
/

. ‘ . . K by pole placement .Fig. I . A family of hyperbolic boundaries in s
plane . In the next section pole placement is formulated

in a form which makes direct ion b) far more attrsc-stability limit o 0  in Fig. I may be Liven. tive than direction a). In SeCt i on 3 the use ofA specificattocs ti robust under a faLlure if such boundar i es  fo r  the des ign of rob us t con trolno sigenva lue crosses the cor :ospondtng 
. systems in K-space is discussed . Section 4 showsboundary due to the failure , 
the application to three examples.

The proposed me thod is :  Desi gn in V-space . ~reg ion K1 in th~ K-space is determined , such that 2. 3GU~ DARY >I4,PPI~G
all eig env a l ues meet the specifications iff ~. EK1. Pole-p lace me nt  f’r s inelo- input syste ms . The pole
This ray bc the intersection of several such place ment theorem is used in the form ori ginallyreg ions for d ifferent parameter values. Subsets published in German in [21 , available iri English in
o f  ‘Vi with certain robustness propert ies car. ba [ 3 ] • Given an nt is order monic polynomial P C ’ ) ,  an
found and tradeoffs with actuator constraints , nxn matrix A and an n2’l vector b such that d etR#0 ,bandwid th requirements , etc. can be made in the V R =[b ,A b  ... A~~~bl , the equation PC’space. The method also shows, whether a so lution t Ot : .

~~k’ has a unique solution ar.d this solu-
exists under the ;i’.’en assumptions and ic not , 

~~~~ is
which alternatives exist for relaxation of ~~~~~~ Ic ’ — e ’P(A) (11)f ications such that a iolution wi l l  ex is t .  — — — 

-where e ’ is the last row of P~Parame ter space methods have a long tradition , 
. 

—

4 mainly in Russia and Yug~ s1avi.s . Siljak (11 gives Wi th ?O.) C ’ ’  1)C’~~~2) ... C’. -~~~ (12)
a histor ical review of the work by Vishnegradsky , 

~~ +~ \ +... +~ 1 n-I~~~ n (13)::eimark , Mit rovic , and others. Siljak gene ralized o I n-I
these parameter mapoing methods si gnif icant ly.  A eq.  (11) S’~ )’ be wri t ten as
typical  procedure f-o r a continuous time Syste m is k ’ — e ’ (A-\ ‘)(

~~~ 
I) ... ( A ’  1) (14)

to assume a cor,t rol let s t ruct u re  w i t h  two f ree — — 1 — — — n~T n
parameters t and 3 .  Determine the closed-loop e ’ (p01+p 1

A +... +p 5 1~ 
+A ) .  (15)

character ist ic  po LynomiaL For m.apping from Q space to V space it is store con-
?(s)  — .Q p i (a ,5)s

L 
0. (7) vrscii.ent to rewrite eq. (15) as

• Subst itute ~ +~~c and se pa r a t .o  • o q .  
r’10 ’ 1 (16)real and imaginary ~o ” t s :  Rc i ,~~,~~,3 ) O , 
‘ e ’Aln~~ ,m’ ,~~,3) O. Assu me tocaS nonlinear cquations 

1have a solution a t p 0 P 1 ~~~~ ~n-l ‘

— ci(c~ i.) , 3 = 3(: ,c ) .  (3)
Equation (8) a l lows to  m.ap ;,x pa i rs  ott th~ E is an (n+l)an matrix. If the inverse of eq. (16)

boundary into the t - i -n ta ne . The image boundaries is needed , it is convenient to express t!Ie last
divide the ~ - E-p~ .irs ~nt o  re .t ions •: r r a r a c t e t t z o l  by row o f E by the C.sy ley—Ilamm lton theorem in terms
th~ number o f .o igenva tucs inside and outoid ,o the o f  the pr evious rows . This how e~’er rcgi,ires the
s-plane region, evaluat ion of th~ ch.s ractc r isE ic po l . r ion~ al

i et C I - A )  ~ a ~~~ ~~~~~
‘. 4\~~ . Th~ inver-

In the present  ~a p’ r  th~ c o n t r o l  5 . - i tem ,t .Jcture t ible form o~ ~~ (16) isis r~ str ic tod to s ta te  fc~~d t o i c ~~ . Th io Terno ito
simplify ing the dctcrm inati ‘n ‘f eq. h~ by po i’o , , ~ ,, -l  ..-i  e ’Aplacemen t  ma t h-  d ;  . Cons ider fo r • r ’ ,a - r ; j ’  5 ;econd — (p 0 -a p 1-a 1 . . . P~ _ 1 -a ,_ 1i
order singl e—mr. pu t syctom uit h  S l ’l, 

•
~~~ “ ?  in q. ‘, n—i

(5). In class~~:.s p.i r.smet.s r nHr..’ ret h ’ds P(s~ — £. ~dcc (s -A~~~k
’) m ~t , 5 14p . ~~.d ) .. is  • i ’ t e rmmn ,o d (17)

.ini . i t h  o ’~’-’ja °so lved t o r  0 .50’ ! . :n the method The c-alu: - ns c f in be eva luated re c u r s iv e l y  by
proposed in tinis paper the i

~ 
i t O  ~~.t ’ r e s c e i  ~n Lcverricr ’s . i l c’ rt thm . w h ich a l i o  gives the a

~ 
[ 2 1 .

C

C
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Cars ~IG) is meat c ;nveni,’nt f o r  tri al m d  c,, <0 e l l ipse . ‘f part icular ~nt : c o o t  ire circ Lea
e rr or design procedur~~s , 4raphlic al displ ays of c , -l , e.g.  conStant natural frequency curves
c r o s s -s e c t i o n s  o f  t he ‘ space , ott. The plant iFs s plane , stability limit and other
descr iption in the fotm of the matrix E is evalu- boundaries in a plane .
ated only once for a given pair (A ,b) . The map- c1 0 p ar a b o l a , or if also c 1 0, c,>0 strai ght line
ping of a trial des igri point in ‘f,spacc then parallel to the real axis.
requ ires n multiplica tions and n additions . This c, >0 hyperbo La , ~n particular 2 straight lines for
compares favorably with mapping a tri .sl desi gn — i~~~c 2 (3 -O0) .  cr>O , e.g . constant damping
poin t from the parameter space of quadratic lines in s-plan~ .
criteria via the Riccati equation into \ space.
The generalization of eq. (16) to multiinput Figure 1 shows the fami ly of hyperbolas

2 2 2sys tems is given in the Appendix. — -g +~ ,~
2 

(27)
Sensitiv itie s. The influence of a coefficient For :—0 this goes to the imaginary axis , for ‘—l
of the characteristic polynomial on k’ , g iven the the asymptotes are the l/v 2 damping lines. For a
other p

~ , follow s frost eq. (16) aS different scaling may be replaced by —Id .
dk ’ . Substituting eq. (26) into (25)
— = c A 1’ 

(18)dp~ — — 
2(X ) — (k 2-2o\+(l’+c

2
)o2 +c

1
r +c

0lQ (X). (28)
The influence of an eigecsvalue 

~~ 
on k’ , given the

ot her S . , follows frost eq. (14) as This shows that the and k1 depend linearly on o
dk ’ — 

for  c
2

-1 , i.e. for circular boundaries . Thus also
— -e (A— .\ 1L) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
in this case the boundaries in K space are straightd\~ lines if the eigenvalues in QC’~

) are f ixed and a
For complex conjugate eigenvalues quadratic factors complex pair of poles Seves along the circle .
in 2(s) are more convenient . Let PC’) For c2~~-1 the functions

then p
~ 

— p- (~~ q ... q~~ 3 ) (29)
i 0

~~
‘ e ’ (ai + b A + A 2 )~ Q(A)  (20) are quadratic in r and by eq. (16) the same is

dt. dk ’ true for

da ~~~ Q(& , -~~-~~e
’AQ(A). (21) k~ k~ (c ,q ... q~~ 3). (30)

R e c t or s in ‘ olane. Boundar ies , svrsnetric with One of these equations can be solved for

respec t  to the real  ax is , in the ‘ p la ne w i l l  be where only real roots r
~~v±S are of interest.

speci f ied , which descr ibe the des i red eigen va lu e  only the left half \ p lane branch of the conic

locations. ‘
~sjo cases will be discussed : A real section is needed , then -~

‘y-
~ is selccted and sub-

root crossing a boundary or a complex conjugate $t~~~tjted into the other k~ equations to give

pair crossing a boundary . The third possible case Ic k (Ic ,q ...  
~~ _ 3 )~ i#j . (31)

o f roots leaving the region through infinity can ~ J ~ 0

be avoided by c losing the contour by -an arc o f a llote that this is not the curve in the k - k  -

circle with large radius . Typicall y the region is cross-section of the ‘V space , wh ich wou l~ b~
obtained for k,=const ., m~i ,J; eq. (31) g ives thea connected set and the boundary ha~ two inter-

sections with the real axis. In this case there curve k~ (kj) €~r c.onstant q . . .q
10~~ . For the

are two real root boundarie s and one complex root numerical determination of ~oundarles in cross-

bo undary  in ‘V s pace . ~lowever other boundaric~ are sections of the K space the implicit form (30) is
po s s i b l e , e.g . separats boundaries for slow and more useful. It gives m-values as a parameter

fast modes , etc. For each intersection of a along the boundary. Constant damping spirals in 
4th~ a plane are not conic sections . jsualiv theyboun da ry in the plane with the real axis at ~

a real root boundary in V space is obtained from arc supp lemented by a condition Iz~ <a , a< l. The
result ing regions can be reasonably well approxi-

+r ~
n-2

+~
n-l 

mated by a family of nonintersecting circlesPC’.)=(x—:)R (\), RC’) r +ro 1 ” n-2
By eqs . (16) and (2) (22) 

(v—v >
2 ~ ,42 r2 z = v+jw4 v (v°—l) — 0.99r(r-l) , v <  0.5 .  (32)Ic. — I c (p -‘ ) ~ k. (r ,r . . . r ) i l,2 . .n (23) o oi i 0 ~~~~ i. -o

where the ki depend linearly on p . Thus con be It is shOt.n in Fig. 2. For r l  it is the unit
elim inated by one of the ki $ to give the linear circle, ’,jit!i decrearing r the center v of  the

• boundary circles moves to the right until it r~aches O.iS
for r 0.3 , it then goes back to zero , where v r 0k , k.(k ,r ... ~ -L~ ~~

1,2 n , j~ i . (24) 
is the deadbeat solution.3 ~ L o  n

This is a strai ght l inc in the ~~-k. plan e . Regions in space . Equati ons (2) and (25) show
Ano ther part of the boundary iS obtained if that the mapped boundar ies in ~.

‘ space re p resen t  the
comp lex pair of eigenva luss crosses the boundary conditions under which the number of ,sigenv .slues
at ‘~ +Ja. Then inside and outside a 1-region can changa. These

P C’ )  = _ •S p•i + r ’ ) Q( ’.)  boundaries pa r t i t i o n  the ~
‘ spice into reg io ns ; each

( 2 5 )  of them corresponds to a fixed number of aigen-
Q C ’ )  q q~~ +~ .. +q \ n 3  

+~~
n-2 

values inside th~ I reg ion , and it must be dec ided ,o i

and the type of boundary in ~ sp.ace depends on the for which V reg ion ill ei genvalues are inside the \
form of the boundary s’ = s( r) in the 3lane . For reg ion. For c losed contours in the ‘ -plane the ~

th e kj are l~ ncar in r’. Thus f ’ r  given ~~ the 
tO inf inity. If there are ;cveral  bounded reg ions ,

P c o n s t . ,  i .e. a parallel to  the imaginary axis , region is bounded , sin ce by eq. (16) es k~ can  go

image in th~ “ space is a stra itiui t line . .s simple test is t, check the eigenv .aiues for in
arb itrary ~ in the considered ‘ regio n. An alter—

h o st corro nly used boun la ri co are conic sections native are oil jak ’ s “ shading r u l e s ” for the
syrmtetric to the roil axis , b .C. boundari.~ ~lJ

— c +c ,p .  (26) Cons ider a second order sVStOIS and a circu lar S -
Specia l cases are reg ion . Boundaries in the k 1-k,-piane are three

C
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• Fi g. 3~ Ill ustration of f .silure robustness and
I ‘ “  emergenc y boundaries.

Fi g. 2. A family of circular bound aries in z plane, boundaries in the k 1 -k~ -subspace . It is a~.sLm~~I,
s t ra ight lines ~~ta incd for the t~ o real root cases ~~~~~~~~ other ieedbac~ .ains are fixed . The pro-

and ~~~~ arid one complex root case. They par- 
jection of point 1 on the OXi S ts ~uts~,de the

tition the V plane into seven regions with the pro- energency region , i.e. the emergency spec if icat ion
perti es : no pole outSide the c i rc le , -one lef t , ~~~ 

is not F2—ro bust , c c is how ever F. robust. Points 2
lef t ,one r i g h t , two ri~~n t , one left and one right 

a nd 3 are F 1 and FT ro bust . ho point is 
~~~ 

rp cust

complex outside. The only bounded region is the 
si nce the origin k

1 k2 0 Ices -out side the e~oer gency
tr iangle , thu~ for Ic1 ,Ic~ in the triangle , \~ and \~ 

region . Point 3 also meets the nomina l specifics-

are inside the circle . At the vertic es of time tn t tion and is a good candidate for a robust contro l
angle both poles cross boundaries simultaneous ly , sys tem. Since th~ nomiciat boundary intersects the

• ThLs is the case for 1) a double pole st 2) k., axis , an al ternat ive to the robust so lu t ion 3 is
doubl e pole ~t c~~, ~nd 3) one po le at ‘r a~~ one at 

to ~ listinate the sensor and to mu lti plex the x,

P. . Thus the to ta l  ~~pp ing procedure c~ nsis t5 of 
sensor. This would maintain the nominal specifici-

just three p~ Le placements , i.e. twelve multiolica- 
ri ons under a failure ofone of the XT sensors.

tions and twelve additions . This cakes it easy to -lowever it requires failure dctc ct~ or. with at least

map the fami ly of circles of Ft.1 . . If th~ ci rc le  three x.. sensors and very likely is the store expen-

io d eforme d to a diffe rent ~ io~~d contour with the ~~~~ So ution.

sate real axis intersections at p 1 and r.,, the n the Robustnes s with r e s pe c t  to  actu at or [,ai~~ res .

three vertices and two ed ges of the triaFsg le remain Ass ume k 1 and ~
c2 in Fig. 3 ire eleroonts of different

unchanged , the th ir d edge . i.e. the comp lex root rows of the feedback matrix ~ ,
‘ in o~~. (A . i ) .  Then

boundar y ,  is replaced by a curve . For a third tee same arguments as above appl y f-or th~ ro bust -
order syste’o and a circular - reg ion  th~ two rea l ness o f specif icat ions with respect to actuator
root boundaries are planes . The complex root fail ures.

bound.sr y for a £txed real pole in a straight line . Robustness wct h resPect to iar~ c Parame ter v.srca-

By moving the real pole the straight line moves and ~~~~~~~~~~ Assume that for different operating condi-

forms the third sur face. The 4 vertices of the tions different pairs (A 1,8 1) ,  (A , ,8 2 )  etc . are
region are .igain ~bC~ ined by pole olacement of the given. One boundary in the esgenva lue p l~~ c now
four characteristic ~oly nomLil s with zeros in the maps into different bound aries in ‘- s pac e , led it
s e t  ‘,“~~~~ :~~ 

- . For the csrre~ c rndin; rec’,ion ~ 
must be tested , wheth er the re e x i s t s  sn m n t e r s C c —

Space , ~~~ 
:•j ‘ ‘I ich ~4J hive sh own thi.i t i e  tion of t’ic .mdmio ible re : cons . If t d o ’ s  not

convex hull rf  :::e region is the tet rahedron w i t h  ex is t , then at least  s g u n  sc he du l i ng  c y s t  ~ can
the .s~ ovc mentioned vert ices. Ti t ie  l inearity of be designed , in w b l i c ! I  each .;asn covers as r.anv oper-
the ccmr~ Ln~ ,

~~s~ution k ’~~c F  thi s ;‘ rope rt- .- j • ) , 0 S  hol d ating co n d i t iou s is po s -c.le .

in the space a l s~ - 5 ~ni i.srly f r  a r b i t r a r y  n P’ Lfl” ’.’ ‘ . 1  t I  re  • “.~~~~ t - ‘o: • 
~~~~~~ _~~

‘
~~~‘:- 

The
from (4~ C o l l ~ w~ : The conv ,ox m u l l  of the region , [e~ Ub.tc k c o n t r o l  lou r u ,  he i~~:’ ., - ; - .’ r o t : I  it- r s . s i —
fo r  w h ich a l l  .‘i ;cnvaiue s ire l~ e.it,’d cn~~ii,~ 

stately in a sho r t  w o rd lengt h ci r~~p r o c e s s o r  as
c i r c l e  w c t n  cente r on the real . jsis ~nd inter- ~ ~~

‘ 
~p~~ ’ ) ( r : ~ ’ ; : ) ~~~’ ’ r ~ ‘ i ’ : ~~‘ 

- . (33)
sectin g the r,o .sl axis at 

~~~~~~~~~~ 
is a colyhe dron For sr.all z t o  do’sir.~~ t ~~~~~ t:’. : - . ~s ~~

‘ -
- t .~~.I .

~ L icr ices ~ / 
r i, t mi ne  b y  le t 1C .~a ins SI uld 51’ ‘lot t 0 01 

— 
r ir ‘-t tne

pia e’m,. nt i r he — coa rac t e r i  t ‘ions i ts  d om inant t rm i 
— 1 ‘ a  “i li r eust

u t  1 r05 C 1 5 t The t riot  r ot olut ru is th~, c r  o f  t I or t i’ i  m c u b1’
~yper ’ i lanes are two O L  the surf a ce s of  the poly :~

tth  ed ges p.tr i lL~~l to rh’  5xc5 in the a l— is s i b le
hcdron. ‘ - region . Fig. il l u st r it - ~ s -L ’ robustnc ~ s .
3. CP.S IC’; L l ~ 

g pi. -
~ ‘‘ ~ ‘~ -~~~~ ‘‘~~ ~‘ ‘~~0 ~~~~~ “~~ ‘ ColoStniilttS on Z~~”t~x~ u It

- . . 
iri d u~-r.i’c~ u t ~~ - ca n 5.’ tre~ Ced in V s pace. F :r the

__________________________ 
-r c i .  r - u . .~ regu lator problem

s pe t i f c c s t i o n  “F, -r du~~t ’ c f  it r~ msi r : s s O t i . I - - , , -

- - u t )  = Ic : I t ) i  . C - - :-~~t )  (34
tied a f t e r  a :ac lur ~ o f  .er. -; r i , it is ‘F — - 

— — — —
robust ” if the sore ~~ds .I(ter f - o i ’.’j r.;s uf~ both 

s t h  e~~oal~ ty f~ r the ~o r ,t  c a c , ’ of t e . g . ,  4

senso rs  i and j .  Fc g . 3 si res an oxa np i ’  ~f _~~~~~ for some c 5 f l .  1-suming that  a l l  sta tg va ts-
- ab les have been nor-aisced to tcrir iti:51 up V5iJ ,’ ,

______________________________________ - 
, - 

~~~~ -~~~~~K- ~~~ - ~~~~~ ~~~~~~~ ~~~~~~~~~~ ~~u._ ~~~~~~~~



-t h e  nor’a 35\ w i t h damping 1/’. 2 or more is requi red :
lounda rces A and B in the s-plane of Fi g. 5.I e the distance from tice .-ri.’in ir spa ce con 

-- — - ,, - Th is speciticatson shall be F.i , F3,  and F,3be used .iu S leisure ;or u, — ” u:- . u~~~) i  . aim. .srly 
robust.u it )I i~~~. (t I I Y(.-~~k ) l t ,I iii) A tradeoff with the magnitude of 

~~ max !uj andand k ’ (A~ b k ’ ) can be u . s - I  .is a reasure . the maximum bandwidth is to be
FXA.”N FS The obser’,abil it’/ ar~ ly i~ shiowi , thjc cannot be

- observed by r i, thus the senio r is essent ia l ,The fo llowing three examples of second , third , and i.e. the re liability wi th respect to a f a i l u r e offourth order show va rio us t p ical -1C ~~i4n aspects the ti sensor can be increased only by redundant ~end solut ions in “~ s pa ce using th e t oolS intro- sensors. The gain k1 w ill be determined first. F23-duced io this ‘,i ier. All c.m kcuiations were done on robustness of stability requires that P(s) —
a prograrcr_uole pocket u.alculator . s3+(14c)s2+(l~~c)s+k1, c>O , is hiuruitz , i.e.Secor d ~r~ er disctete c’ . st  ‘i O< k 1 < (l+c )

2. The worst case is c—’J . For maxi—
Ic -41 1 6/id1 mum bandwidth choose

~~‘e l )  4 x ( k ) + o u i k ) ,  A ,
~~

, ~~~ Hi -i (36)  a o
L’ ~ 0 1 0Find u - t k1 Ic.Ii~. such that 

~~ =2.~~~= ( p  p1 p, 11 o -c 1 (41)
i) stabi lity is 11-robust and , if possib le , also 

~ ~l.+~2 
~1~ cF’— r ~~bust ,

ii) the 5 : - s t e m  remains s t a b l e  for  ~~~~~~~~~~~~~~~~ i.e. k1 p0 l, k 2 p 1-ep, _ l4s~~, k~~ p~ - l-c . By eq.
with th~ max cm um _ k. r ( 2 5 )  P(s ) (s 2 _ 2:s.4.P2 +1~~) (q.es) =q ( — 2 _

~ 2 )~~(p~~~ -2rq)s
S + Iq - 2 r ) s ~ +s 3 . p0 q ( - r -+ i ) 1  guarante es q>O , i.e.

k’ - ‘ i ’I~~~~p p, 1! 6 (37) the real g igenvalls ; is stabl e. For c .’2 and bocmndary
L~ 

~ A , i.e. •~~~~p , p5 2qr , p.~~~P (P- q), p’ q-2r and by
The ve r t i ces  o f the stab ilit ’ trior .~~ie in the 

eq. (41) k1 2qr 2 l , :(~ +2)—2 q (1 r )+ 3 , k3 q—2r— 3 .
• k 1-K 2 -pk.lne a re setermined iy 3 pole p lacements 

By k 1 p 0 l, q l I Tc T , ~he product of ei ge~ val ues is
1. F(s )  = (s—I)— • z—~~2z—l , I c ’  [ 2 1  i f ixed and ~~~~~~~~~~~~~~~~~~~~~~ k3 l/2:~~-2 r -3 .2 .  F(s )  = ~z+i~ L z - L b  = c - l , Ic ’ = I -l l~~ (38) This is curve A in Fig . 5 .  A Bode plot show s3. ?(z)  — ( z — l  — — c2 _ z ~~ . I c’  = ~3 —~~ I)I

In Fig . it ca seen that the re’ ;uc re meets for F1
and F, robus:r .eso ire not c I .p s t c b i e , the F robust - .\
regio~m is c ho s e n .  c c )  r~~qu~~ro s  to p lace  the ‘ — — — ~~~~~~~~..srgcs t sq uare - e t c h  ~ ide~ paralle l to the ixes into 

.th, F~, 
,,~ on 

m d  
later

•i) oo6 
i, e ci .i 1 c. i t  J l3_ 

I 
— 

I

~ :7 
- Mos 200dwIOlh

Fig. S.  T radeof fs  be~~ e.on tachometer (~~
) and

ampero retore (k 3) feedback for a dc motor .

- that  the ma:c i ’ium bandwidths is obtained if real andFi g aeC rid o r St 1 t I,. — ‘ i  S into a c w ”pl,,x ~ SlL have ore d is t a nm.t. C rom thetr iang le. Fc rite wordl r,:o r’bu stnes~~. ori g in , i.e. q l , p - l /’- , see F ig. 5. Tb~ min imumDC ser.’o —-‘tO r. drs :o -.iri sulos to sensor co.ordi- 1 is obtained at the point of curve A, which is
O .lteI a re - -: a i s  ‘ wi th ~ • shaft angle , closest to the ori gin.
.ir.g-ul.s r ,elo citv , i ar ature c u rrent, input : volt— 

For boundary B.‘-‘i ti~~e u. Aasur.p tcors a) .-‘ao torque L~~~~ , 
(q~ 2:)s

2
~~~~, and Os before k,~~~(:4’.)-2(l+r)/p +3,b )  a l l  or  u t e  .‘ i c i a b ’ . es  norr’..a c:s-i to th eir ru~~c-ra l 

k i/ 2.,,._j . Points in the shaded rogionval ues , c) si— p Ie numeri cal values 
s.~tiscy specifications ii). The point of maximum1 1 ~ {i) bandwidth on the A curve is not_in the robust-c I 

~~
4
~I 0 ‘~ c > O (39) 

reg ion , therefore damping > l/c 2 is necessary . If
-
~~ 

-
~~ Li q 1 is kept cons tan t  m d the complex poles move

•I) stat e ~~~~~~~~ u ~~(r-~~,)- k.-s,-k1 e 3 , (30) 
along the unit c i r c l e , then k moves along a

w n i c n  ~i’. s s  a rero St it i  ) rIOt y - ‘r r  o r 
~
l 1 , s  r- s1 (t )J straight line in th~ ki-k j— phane . T~ o po ints o f

f o r  a sri:, r, - f - r c n c c  c r o i c  r , -i- sc f..-d tIi~ sysrc ln t his line are h.~~:3 0 for  a triple pole at s~ — 1 and
is stabl e . ‘ir,- 1.~ Ic 1 ~ ~

.j •is ~ bi :1St the point P —- l~ - = on curve A. Thus .s good first
i) ~: s I l li ty  t~~~F,3 rOoso t f r  il l 1’ •:. e-ioic ,c would be the point k2 0.J , k3 -0.3 indicated

~i) For a i-o ,d ~~2 s  c •rc p i. - s :  ‘ h r  ‘f .OL . ’i’.. lh I IOs Sy the triangle in Fig . 5.

— —~~~ 
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~. : : ‘i. ’ . Conscder a crane c e i t b i  i~l’  ‘- I v s c . : . s l p i n —  i l l S  s ioIUI s t i~~n 51100, 5 thjt 1 1 1 1 1 )  . 1 5 , 5 no t  ‘xc,’ed
meters o,~~c r,su ‘sass , m, L-o.i  ‘u .s , 1 r o p e  1:115:111 . lOiji) ::ewt on. F-o r thi , nominal l o l l  of 31)013 k g tile
Its state v.ariab ies ire x 1~ cr-s b : - - ,- it c~In , ~,~ c r m b — -‘ c icLil .srplitud . m ite r 10 seconds is ~ - 3’: ‘if the
vel ocity, x 3 rsh’.s .10g b and ::.~~ro1’e .aflguiar initi ,i l displacement. This first solutsen is iow~velocity . For small rope .sng les time linearized 0.- er unsati sfactory for so ~h000 k ;, with a maxin’u l
state equations are amplitude of l2.3~l o f r e r ~() seconds.

3 1 0 O ’l 13 In the second desi gn step prim arily the solution
0 0 m~g/m~ 0 

x + ~~~~ 
I 

(4’) for m~~ l000 kg must be speeded up. From th~ first— 0 0 1 — 0 solution only the values k1 500 m d k., l 927 are
0 0 -a’ 0 - 1 2. kept and Ic3 and Ic4 ore the free param~ters of the

with 52 (o.. 4mL)g/ rud.  Let g .’ lom/ssc2 for pera second step. The four eigcnvalues move with Ic3 andt ion on ear th .  input u is the force accelerat ing Ic4 , they shall be kept hom.-eve r  in the c i rcle r 0.5
the crab . ~igecsva1.ues are t 0 .0 ,j i. ,-jj sl . The in Fig. 2.  The circ le maps into the 3000 kg
observabili ty a n.alysis shoo ’es that or1 is not obser boundary in the k3-k4 p lan e shown in Fig. 6.
vible by x2 , x 3 or x . thus the crab posit ion
sensor is esaent ial .  it was shown in [51 that )t5 m .100011
must be measured or estimated , without x2-feedback 

i g

a stab ilization is impossible . 
_ . ‘

Given: m~~ l000 kg, L~~l 0 m , maximum load 3000 kg, -
design a sampled-data controller

u (k T)~~~-k’x(kT) (43)
for the following Spec i f i ca t ions :  D’ 0
i) Consider a ty ica l rloverr.er.t: Fick up a load

mc rest and dro p it lOin sway at rest again , -
i .e. initial sta te  - r [ l O  0 0 01’ , fina l state 8 / -~.‘~o’cs.’). During this movement the required force
should not exceed 5000 Newton .

ii) The amp litude of time load osci l lat ion a f te r  m1’~3000eg
10 seconds should be small for two typ ical
loads in, of  3000 k g an! 1000 kg.

iii) it is desirable to avoid the measurement of
the rope angular velocity cs,~,.

The samol ing interval ‘7 was selected such that in - -
the worst case m .’3000kg the complex poles in s Fig. 6. A crane : Robustness with respect to large

plane lie on a 45~ sngie with resoect to the posi: load variatIons.

tive real a.xis. This results in T.’!5. At point A there are two different comp lc o: con-
The discreti zation and evaluation -of the I matrix ~ugate ci genvai ’ue pairs c ross ing  the circle simul-
were done in center of isass coordinates , irs whaich taneously , such that the complex root ‘ooundary
the system is block diagorsalizr’d . The result , intersects itself. The righ t teal boundary is out-
transformed back to sensor coordinates :5 , is then side the figure . At point B the complex and the

E 1 1  al +E.,J a m_L/(m 
~~ 

) (44) lef t real root boundary for z..’-0.05 moat , i .e .
— —‘3. —l — s- c L 

— 
this k3,k4 pair generates a double pole at z.’-0.05.

1 i~ /2 In points C and 0 a complex pair and a real root at

— 
(m c +L

L
) (2 sin iT- sin 2cT) 1 -‘7/2 z.’—0.05 cross the boundary simultaneously. The

~1 T2’ (Ssina- -4sin 2a’7+sinii’7) 
I T;2 1000 kg boundary has a similar shape , o n l y  its
I 3T/~ right part and the intersection 0’ , corr esponding
I T/2 to 0, are show n . Titus the first design point m di—
lv t’ v “ v 1 ’  cited by the triang le must be moved to the left ;

—2 2siru i-T/2( Ssin -cT - .esin2LI+s i03-Lt ) ~0_1_ 2c~3_ , le t k 3 4000. Since Ic4 is small anyway, k4 0 is
v =I-t t c o s ( i — 1/2) 1;_ 2cos ( i_ 3/2 )u i -1 .cos ( i_ 5/2) .mr l I chosen in view of speci f icat ion iifl . Simulation
—i L .sts in( i—1/ 2)u . -2s i n ( i—3 / 2) ur .+ -s in( i—5 /2) aT JJ shows that the maximum amplitudes a f t e r  10 seconds

i.’0,l ,2 ,3 ,.. are 6.4C fis t 3000k; and 37. for 1000 kg .  The angle
::otc that tbo c~ form E 1 (r, ,,”- , )- , 2) could a lso be or 3 remains small , such that this ,ss su ms pci on for the
uoed to impl .oment a gain scheduled cont rol  1.~ c lrneariz ation -of th~ p lant es4ustion is socca fied .

wn icn keeps the aigenva lues If necess a ry a third desi gn s tep cou ld f o l lo w  in
constant, which k1.’500 and k4 0 are fixed and k1 and Ic3 are
In the first dCsi 13rs step first ~uess for k ’ is varied.
deter mined for o~~ J000kg only. First a part ia l  .

~~~ Ci)NCLUSIONIipole placement is m.md~ by eq. (13), wh ic h  g ives a
1/ 2 damping to the pendulum motion wi thout Classical  parameter plane ideas have been combined
changing its natura l frequ.sncy , i.,. a pole pair w i th po le placement resu l t s  to a des i gn method in
at 

~l ~.‘0. 3876 j O . 3 C 2 4 .  For the ino itia l condition ~
‘ space. The crucial st-s p ~S t Ime introduction of  a

10 0 0 01 ‘ tIme first contro l input is plant representation in tli~ i-o r’s of the ‘s.~It t i 5  ~ , in
u(0) 10k ,, thus k1g~300 (l1uswt-on/n) cs noce ssary to eqs. (16) and (A.!). The linear mapp ing from -i
Ileet spec i f i ca t ion i). For fast response k1.’S00 

space to ~ ‘ Space Ls p er fO rmed by a m u lt spli cati on
is chosen. A f te r  s pec i fy inc two cigenvalues and w i th  the matr ix  E and is thus reduced to a computa-
one feedback gain there rcrrscns one free parameter, tion.mll y very si’sple step. In ‘~

‘ space t:.-r ical
wh ich is convenientl y ~cshibi ted as a parameter on design aspec t s  such as .ictsator limitation s ,mnd
the root locus for th~ remaining two poles. Its robustness with respect to s.snsor and actuator
complex part is a circle around ~=h -au th t~ di~ s failurss , lar;e parameter variations and short
0.1786 , the intcrsectcon of this cit c lc ‘~ithm the wordleng th impleme ntati on have elementary geometric
lI ’~~

’ damping spiral it ~ I~ .36 , i 3 .1 l 7 7  is into rpretatfons , ami d several questior.s of practical
chosen . This results in ~ ‘ =l3o0  L - 2 7  7867 -788 1 . inte rest  can be treated in a clear and simpie way

S

— - _ — j~~~~~~~~~~~~~~~
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as is ijustrated by : hj  is .,wo 1ol,: . ‘ . t ,~ tli.it hy Pro p-ow ’ s theorem on fecd bssck invar iants
The examples ore rcst rictc- so f.sr to tradeoffs in (7), 

~~~ 
is in-.’or i i c i t  under m ~ransfo~~uationtwO f ree parameters .c m t ime , c h o r e  .s graphical  ,\ ,3~ _ (T(4_3~.5’7

l :I), det T~0. L~ t
interpretatio n in cross-sections ‘ii the ‘

~ space is
possib le. This is alread y a r ra c t ~ ca I ly a p p l c c —  .‘i—l — — l 

— lable too l ‘sith appar ent aOvants~ es over ;rsp icic .a l R — [b
1

. ..A b 1 ,b A b 1, R
one-parameter methods like ro Ot  locus. For ecsam ple ~~~

in success ive l ’,’ c los ing loops f .s cascaded sys tem , .,

it allows to make tradeoffs between two successive and e.  the last row of the ,,~,en :racrux 
~~~~

. Let
steps . I
The concept  of the method is how-ever not limited 1 —  :

1 
E~~ ~i ~~

. (A .5)
in the number of parameters. Due to the computa-
tiona l simplicity of the mapp ing it seems feasible 

~~~~~~ 
jto develop computer- aided design mcthods with -

d c s p lays visualloing three-dimensiona l sur faces  Introduce nap c haracter is t ic  parameters in a pap
and reg ions by moving point of  vie ’s or moving nsatr X

cross-section . If the cn- ’r’ ct .’r las to make this 2.11 ‘ ‘ ‘  
~1p ‘A 6tradeoffs in problems wit 1 s . s- . ’- -o.ir .-m mmsters , diff i— — : , , ‘. •

cul ties ar ise , if there dis~~ n-It exist a point in 2’pl ‘ ‘ ‘ 
~~ p

~~
‘ space satisfying all specifications . In this I —situation the concept o f a moving boundar’, say be wi th ~~~ Pu 1  ... 

~i1.i~~~I ~
useful , w’im~ ch ‘eas vsed by ,mki.sn and A l-Uai b (6 1 

~~~~~~~~ 
~~~~ 

• •
~~ ~~~~~~~~~~~~ 

0] i~ j
ca the numerccal treatsoent on unequ.ali t~ .os. cn
jig s. 1 -aso.! 2 t h i s  mean s that the parameter a or r 2 ’ le nera l i ces o ’ , the vec to r  of  coefficients of the
us var ied continuously until a so1uti~ n is found , characteristic polynomial , its coefficients P4 -~are the coordinates of an nop dimensional par~~

- - meter space o . ?‘ is re lated to the characteristic( 11  SiI JaK , D. D. , .~on1inear systems , Lie Para- - —

meter Ana lysis and Desi gn , .7. Wiley, New polynomial  by
• York , 1969 , Cha pters 1 sins 2 .  P0 )  det(\t-A+B K ’) det [ P ’’d iag(’.)),

[21 Ack ermann , .7. , ,\btastregelung (Sampled-data 
\

t
] ‘A 7control), S p r i n ger , Berl in , 1972 , pp. 310—312. —i

]3 Ackertr.ann , J ., “On the Synthesis of tinear and to the State feedback matrix by
Con trol Systems with Specified Character- 

K ’ 
~ M C E  ‘A 8’istics ,” Automcm tica 13 , pp. 39—91. (1977). — L,~~a.. ‘
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